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Abstract—In this paper, we study the majorization lattice
within the framework of Local Operations and Classical Com-
munication (LOCC) protocols for bipartite quantum systems. In
particular, we address two key problems: the approximation of
LOCC transformations and e-robustness under uncertainty. The
first problem considers whether, given a desired transformation
from a state p“Z to o that is not theoretically possible,
one can identify a state o'“” close to o*” such that p*”
can be transformed into o'*” via LOCC. The second problem
investigates whether a transformation from p“% to Z remains
possible when p“ is known with an uncertainty ¢, with respect
to a given metric.

Using Nielsen’s theorem, these problems are formalized on
the majorization lattice, focusing on the majorization of Schmidt
coefficients (i.e., the eigenvalues of the reduced state pA). ‘We
derive a formula for the greatest radius of e-robust majorization
between the Schmidt coefficient vectors A\ and A’ in the ¢
metric. Furthermore, we establish a formula for the greatest ¢ for
e-robustness approximate majorization. Finally, we demonstrate
that an e-robust majorization between Schmidt coefficients is
equivalent to an e-robust LOCC transformation between the
states pZ and o45.

Keywords— majorization lattice, approximate majorization,
LOCC, robust majorization, trumping majorization
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I. OUTLINE

In section [lI} we recall important definitions and results such as
majorization and its lattice structure, “Local Operation and Classical
Communication” (LOCC) protocols and Nielsen’s theorem. In section
m we recall results from [9] and [11] on approximate majorization.
In section [IV] we study the robustness of majorization relation under
perturbation. We begin with some recall and proof of trivial lemmas.
We then find a formula for the greatest perturbation allowed (subsec-
tion @ to maintain a majorization relation between two vectors.
Finally, we extend this result whenever we consider perturbation on
density matrices (subsection [[V-B). In section[V] we use the results of
the previous parts to study the robustness of approximate majorization
(subsection [V-A)), the robustness of a separability criterion based on
majorization (subsection and robust and approximate trumping
majorization (subsection @

II. PRELIMINARIES

The theory of majorization has been quite popular in diverse
topics such as matrix theory, economics combinatorics [10]][4] and
in entanglement theory [12][15]. It defines a general framework
to study the notion of “non-uniformity”. Intuitively, a vector x is
majorized by y, or x < y, if = is “more uniform” than y.

Notation :

o Ay denotes the set of d—ary probability distributions arranged
in non-increasing order, i.e. z € R% such that z; > ... > x4
and ||z|1 = 1.

o Let z € Ay, m(z) denotes the cardinal of supp(z), i.e. the
number of non-null components of x.
+ u € Aq denotes the uniform distribution, that is v = (,..., 1).
« 0 denotes the dirac distribution, that is 6 = (1, ...,0).
« ||z||, denotes the usual ££ norm on R%.
o If H is an Hilbert space, denote D(H) the set of density
operators p acting on #, i.e. the hermitian positive semi-definite
p such that Tr (p) = 1 see Appendix

« If pis a density operator acting on a Hilbert space of dimension
d, denote A\(p) € Ay the eigenvalues of p in non-increasing
order.

« For any a € R, we denote (a)™ the quantity max{a,0}.
Numerous equivalent definitions of majorization have been found,
see [10]]. Here, we have considered the definition which seem to be
the most appropriate in our context, namely the “Lorenz curves” or
“cumulative sum” definition.

Definition 1. Ler x,y € Ag4, we say that x is majorized by v, denoted
as x <y, if

k
Vke {1, .,d—1} > 2 < >y M

i=1 i=1
We denote S(y) the set of © € Aq such that v < y.

Remark 1. Whenever < is defined on RY, it requires to also verify
Sz = Ny Since we consider only vect Ag, thi

i1 Ti ie1 Yi- ly vectors of Ag, this
condition is trivially verified.

The relation of majorization < defines a partial order on Ag,.
(Ag, <) admits § as greatest element and u as least element [10].
The majorization is not a total order, in figure[I] we give an example
of vectors x,y such that neither x < y or y < x are verified.

Remark 2. We define the Lorenz curve associated to x € A4 as the
. Hence,

kosk o
(d’ i=1 o<k<d

x < y is equivalent to having the Lorenz curve of x under the Lorenz
curve of y. See figure |Z|

curve obtained by connecting the points

Remark 3. It has been shown by Hardy, Littlewood and Polya (see
I10l]) that x < y if and only if there exists a doubly stochastic matrix
P such that x = Py.
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Fig. 1: Example of (non-)majorization between w (blue),
xz = (04,0.4,0.1,0.1) (orange), y = (0.5,0.25,0.25,0)
(green) and § (red). v < z < 6 and u < y < 6. Moreover,
rXyand y X z.

An analogous order has been defined on density matrices con-
sidering the “doubly stochastic” characterization. Quite remarkably,
this definition can only be reduced to a classical majorization on
eigenvalues thanks to Uhlmann theorem (more details are given in
Appendix and in [1f]).

Definition 2. Let p, o be two density matrices acting on an Hilbert
space H, we say that p is majorized by o, denoted as p < o if
A(p) < (o).

Denote S(o) the set of density matrices acting on H such that
p<Xo.

A. LOCC Protocol and Nielsen’s Theorem

Among the classes of quantum communication protocols, the
“distant lab” framework is a well-studied subject [6]. In these
protocols, participants are only allowed to use a classical channel
to send classical bits and to manipulate independently their reduced
state. Using a prior shared entanglement between the involved
parties can allow them to indeed share quantum information. One of
the most famous illustration is the protocol of quantum teleportation
Bennett et al |3||. Here, we introduce the class of Local Operations
and Classical Communication for bipartite systems. Although
considering bipartite systems is restrictive, it has been shown that a
multipartite system can be simulated with bipartite systems as long
as we do not restrict the size of the composite systems [[16].

Assume that Alice and Bob share a density operator pAB . They do
not have an access to this state but only to their reduced operators p*
or pP. What kind of information can be shared between Alice and
Bob ? The precise resource shared is entanglement and is quantified
by Schmidt coefficients [[14].

Definition 3 (Schmidt Coefficients). Let Ha and Hp be Hilbert
spaces, and |1/J> € Ha ® Hp a normalized vector. There exists
Ay An, {l2ad}s and {|ig)}: respectively sets of orthonormal
vectors of Ha and Hp such that

P =W= 2, VAN Gal®lin) Gl @

1<ij<sn

where n = min{dim(Ha), dim(Hs)}. VA1, ...,V An are called the
Schmidt coefficients and are unique up to re-ordering.



Notation 1. Given p a density matrix acting on a space Ha @ Hp
such that p™B = |1 (| for some [y € Ha@Hp, N denote the \
introduced in the Schmidt decomposition non-increasingly ordered.

One can remark [14] that the reduced operators p”* and pZ, i.e.
the state manipulated respectively by Alice and Bob, share the same
eigenvalues \*.

Definition 4 (LOCC). The protocol of communication Local Oper-
ations and Classical Communication (LOCC) allows Alice and Bob
to apply any Local Operations (LO) on their reduced states, such
as measurements and unitary transformation, and to communicate
through a Classical Channel (CC).

Remark 4. In figure |Z| we illustrate the LOCC setup. One can think
of LOCC as a way of communication in which Alice and Bob can
only “act” on their reduced states.
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Fig. 2: Scheme of a bipartite LOCC protocol, pAZ is a pure
state and Alice and Bob can only manipulate their reduced
states. They are sharing the Schmidt coefficients \”.

It is natural to ask whether we can transform deterministically a
shared state p% into another, say, 02 through a LOCC protocol. A
celebrated result of entanglement theory, namely Nielsen’s theorem
[12], shows that the evolution of a communication under LOCC
protocol is entirely characterized by relations of majorization.

Theorem 1. Alice and Bob can transform their shared pure state
pAB into the pure state c® using a LOCC protocol if and only if
A < A, This is generally written as
AP POSE GAB i and only if NP < A7 A3)
From Alice’s point of view, it is possible to transform her state
p? into o if and only if A (pA) <A (UA), ie. p? <o
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Fig. 3: Illustration of Nielsen Theorem for bipartite LOCC
conversion. pA% LOCY AB if and only if \» < A?. This
allows Alice and Bob to go from the system on the left to the
system on the right.

B. Majorization Lattice

A lattice is a quadruplet (£, <, v, A) such that £ is a set partially
ordered with respect to < and for every two elements x,y € L, there
exists a greatest lower bound x Ay with respect to < and a least upper
bound x v y with respect to <. It is well-known that the majorization
order induces a lattice stucture on Ay (see [2]).

Theorem 2 (Majorization lattice). Ag ordered by the majorization
relation < can be endowed with a lattice structure.

Moreover, the lattice (Aq, <, A, V) is a complete lattice [2], that
is for any non-empty subset S of A, there exists an infinimum and
a supremum of S in the sense of majorization.

Proposition 1. Let S < Ay non-empty. There exists two unique
vectors /\ S and \/ S such that
e« 1) VzeS ASx=z
2) If x is such that for any y € S, we have x < y, then
z< AS.
e 1) VzeS z<xVS
2) If x is such that for any y € S, we have y < x, then
VS<u.

Proof: The proof of the completeness of the majorization lattice
is given in [2]]. More details on the construction of such vectors are
given in [3]. [ ]

Remark 5. Note that )\ S or \/ S may not be in S. A trivial example
is given whenever x X y, then \{z,y} = © Ay and x Ay is different
than x or y. The same argument holds for \/{z, y}.

C. Steepest and Flattest Approximation

Horodecki et al. have introduced the notions of steepest and flattest
approximations in [9], these are defined to be the supremum and
infinimum (in the sense of majorization) of the vectors in A, within
a distance of a given vector x € Ag4. These are useful whenever one
wants to study majorization with approximations [[11]].

Notation :

« An exponent (P) indicates that the object is defined with respect
to a given metric D. For ¢ metrics, we write () Whenever
there is no ambiguity on the D, we may omit the exponent.

. B£D>(x) denote the ball of radius € and of center x for D
intersected with Ay, i.e.

B (z) = {a’ € Ag, D(z,2') < €}. )

Definition 5. Ler x € Ay, D a metric on R* x R? and € > 0,
we define the following vectors respectively the steepest and flattest
e—approximations [|9][|11}].

2P = N\ B (x) )

) = \/ B (x). ©6)

Remark 6. The term “flattest” and “steepest”_are references to the
constructions of gi” and fil), see Appendix |VIII-B| and [9).

Remark 7. We can compute EEO@ and ggoo) using the algorithms

presented in [I1)]. In Appendix [VIII-B| we recall the form and the
computation for £* metric given in [9)].

Steepest and flattest approximations have already been studied for
¢P —distances [[L1]] [9]. In particular, it has been shown in [11] that
z® and ) are in B (z) if and only if p = 1 or p = c0. In [11], it

o0
has been shown that € — TEOC) is additive, i.e. (EE?O)) = Eg(ﬁe 5
€2

We show that this is also verified for the ¢* —approximation.
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for € = 0.3. We have z.") =
(0.325,0.325,0.175, 0.175).

Proposition 2. Let x € Agq and €1,e2 > 0, then

( (1))( )
€2
Proof: See Appendix [VIII-C] for a proof. [
Similarly, we can show that € — x_ is also additive for ¢* distance.

5(1) (7)

€1+e2”

Proposition 3. Let x € Ay and €1,e2 > 0, then

(€]
(€)) — D
(761 ) =Ly yenr ®)
A/,
Proof: See Appendix [VIII-C] for a proof. |

III. APPROXIMATE MAJORIZATION

A classical problem in the study of pure bipartite LOCC protocol
arises when Alice and Bob want to perform a transformation they
are not allowed to accordingly to Nielsen’s theorem, i.e. A\’ K A°.
Alice and Bob can either choose to perform the LOCC protocol but
may fail, this has been studied in Vidal’s article, but they may also
consider to go to a state o’ close to o whose Schmidt coefficients
verify A° < X’l, it has also been studied in [15]. We introduce the
notion of e—majorization (namely (D, €)—pre-majorization in [11]).

Definition 6. Ler x,y in Ay and € > 0.Given a metric D, we say
that x is e—majorized by vy if there exists y' € Aqy such that x <y’
and D(y,y’) < € and we write T <. y.

This relation might be hard to study in general. However it is
simply reduced to classical majorization relation (ProposmonEI) when
we study the ¢' metric [11]).

Proposition 4. Let x,y in Ag and € > 0, then x < y if and only if

r < g“’.

Remark 8. This result hold for any distance D such that y(D ) It
has been shown that among the (P distance with p = 1, only the ¢*
and {* distances verify this property.

Horodecki et al [9] have determined an explicit formula for the
minimal e to perform an approximate majorization with ¢ metric
(see figure [5).

Proposition 5. Ler z,y € Aq and emin(z,

T <Y, then
& +
(Z T — yi) )
i=1

Moreover, €min(z,y) is also the minimal € such that T < y.

y) the minimal € such that

€min(T,7) = 2 max

Remark 9. Horedecki’s result is slightly different since it assumes

that x X y. However, trivially, if x < y holds, then the minimal
+

f(Zflwi - yz) } =0

€min(Z,y) = 0. Moreover maxi<k<d
since T X y.

It has been shown in [11f] that an approximate majorization
between two density operators is equivalent to an approximate
majorization between their eigenvalues for the ¢* metric.

Proposition 6. Let p, o be two density operators acting on a space
H and € = 0. Then, the following are equivalent
1) There exists o' such that |A(oc —o')|1 <

2) Ap) <c Ao).

Hence, if we define Emin(p, o) the minimal € > 0 such that 1. is
verified in Proposition[f] i.e. the minimal € to perform an approximate
majorization between p and o, we have

€min (A(p,9)) = Emin(p, 0).

eand p <

10)

\
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Fig. 5: Lorenz curves of x = (0.4,0.4,0.1,0.1) (in green),

= (0.5,0.25,0.25,0) (in orange) and Vermin e, y) (in dashed
red). Here, min(z,y) = 0.1 and 2 £ y but = <7y, -
Intuitively, if we consider ¢ < min(z,y), then the dashed
curve would slightly below and would violate the majorization
condition.

IV. MAJORIZATION WITH CORRUPTION

Assume Alice and Bob are in pure bipartite LOCC setup and
share a pure state p of squared Schmidt’s coefficients A and want
to perform an LOCC transformation to o with squared Schmidt’s
coefficients A?. Nielsen’s Theorem [[12] tells us it is possible if and
only if A\? < \?. However, assume then that Alice and Bob are not
exactly in the state p but rather in p’ such that for a given metric
D on R? x R? we have D()J’ )\”') < € Is there a greatest radius
€max (T, y) such that for any M such that D(X*, N ) < €max(T,Y),

we have p/ == LOCL . In other words, we are looking the greatest ball
B (M) included in S(A7).
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Fig. 6: Illustration of the Proposition

We consider in the following propositions D to be a metric on
R? x R%. The following trivial proposition gives a relatively simple
necessary condition for B”) (z) < S(y).

Proposition 7. Let 2,y € Ay and ¢ > 0, then B (z) < S(y) if
and only ifEED) < Y.

Proof: By definition, 7.7 is the supremum of BED)(w). If
BED)(x) < S(y), then y is greater (in the sense of <) than any
element of the ball, hence Z.") < y since zP) s least upper bound.
Conversely, assume that fgm < y, then for any z’ in the ball, we
have = < 270 <y, i.e. B (2) < S(y). [ |

As a corollary of Proposition m it is possible to characterize the
interior points of S(y).

Lemma 1. Let z,y € Ag.x is an interior point of S(y) if and only

if
k k
i=1 i=1
Proof: See Appendix |VILI-C |

A. Greatest Radius for the (' —distance

In this part, we consider D to be the ¢* metric. For the sake of
brevity, in the proofs z. will be denoted as 1. We want to establish
the greatest e such that ¢ < y (figure .

Vke{l,..m(y (11)

Lemma 2. Letr x,y € Ag such that x is an interior point of S(y). Let

m < d and €, = Mini<k<m {Zle Yi — Zi ¢, then m (Te,,) = m.

2(y1 — 1'1), then
x1 + < y1 < 1. We assume y to be different than §. Hence
r1 + = < 1 and there exists [ given by the construction of the
steepest approximation ¢ of x. Moreover, we have

!
€
1<Zﬂ,’i+
i=1

Proof: Let €, = 2min {Zle yi — xl} € <

N m

12)

Assume [ < m, then

! ! ! !
1<in+%<2$i+2yi—xi=2yi.

13)

Hence, by contradiction, [ > m. [ ]

Remark 10. If u¢ < y, then p® must have at least m(y) non-
zeros component. Therefore, Lemma |Z| says that €m(y) is a potential
candidate for a € such that x < p° < y.

0 L 2 3 1
7 B 7

Fig. 7: Lorenz curves of z = (0.3,0.3,0.2,0.2) (orange),
y = (0.5,0.4,0.1,0) (green) and T . (dashed red). Here,
€max(z,y) = 0.4 and T~ = (0.5,0.3,0.2,0). Intuitively,
if € > max(x,y) then the dashed curve would be above and
would violate the majorization condition.

Theorem 3. Let x,y € Aq such that x is an interior point of S(y),
then for the ¢t distance, we have

max 5 =2 i — T4 .

Proof: Let p€ such that 4° < y. We know that u has at least
more non-null components than y, hence for 1 < k < m(y), we have

k k
= Y@+ s < Y (15)
i=1 i=1

(14)

NJ\rn

\IM@

Hence, emaz(m y) < €m(y)-
Consider € = €n(y), We know that ;i has at least m(y) non-null
components. Then, for k& < m(y), we have

k k
Z i—wi= Yy (16)
i=1 1=1

=1 =1 =1
And for k = m(y), Zle ui < Zle yi = 1. Hence p° < y and
€m < €maz (T, ). ]

Remark 11. The proposition holds when x is not an interior point of
S(y). If x is not an interior point, trivially emax(z,y) = 0. Moreover,
there exists k < m(y) such that ¥ x; = Y% i, hence the
minimum will be equal to 0.

B. Robustness on Matrix Majorization

Whenever we are working with density matrices, a well-known
metric is the so-called “Trace distance”, we recall its definition
a7

lp—alli = [IA(p— o)l

This metric can be considered analogous to the total variation
distance (up to a multiplicative constant) as a measure of how much
one can discriminate a state upon another [|14].

Notation :

« Let p be a density matric acting on a space H an denote B.(p)
the set of density matrices p’ acting on # such that ||p—p'||1 <

€, i.e.
Be(p) ={p' e D(H

), lo=p'llh <€} (18)



Alice and Bob are now concerned about the distanc;c1 between their
density matrices. Hence, Alice knows that her state p’* is in B, (pA)

and wants to be sure that it verifies p’ 4 <ot

Definition 7. Let p, o acting on an Hilbert space H and € = 0. We
say that p is e—robust majorized by y when BL(p) = S(o).

Definition 8. Let p,o acting on an Hilbert space H. Define
Emax(p, o) the greatest € > 0 such that BL(p) < S(o).

We show in Theorem [4] that the greatest e such that e—robust
majorization is verified between two density matrices p and o is
equal t0 emax(A(p), A(0)), ie. the greatest € such that e—robust
majorization is verified between the eigenvalues.

Theorem 4. Let p, o acting on an Hilbert space H. Then, we have
emax (A(p), A(0)) = Emax(p, 7). (19)

Proof: Let € = emax(A(p),A(0)) and €& = Emax(p,0).
Consider p such that ||A(p) — p|l1 < €. Let A and M the diagonal
matrices naturally defined by A(p) and p. There exists a unitary such
that UAUT = p. Hence

lp—UMU = [|A = M|l = [|M(p) —

By definition of £, we have UMU' <
1 < A(o). Therefore, £ < e.

ullhh <€ (20)
< o, hence A\(M) < A(o), ie.

Consider p’ such that ||p — p'|i < e. We can apply Lidskii’s
theorem to obtain (2T)

IA(p) = APl < llp = £l < e

Hence, by definition of €, A(p') < A(o). Therefore, p" < o. Thus,
e<é. ]

As a trivial corollary, we can show that an e—robust majorization
between density matrices is verified if and only if an e—robust
majorization is verified between their eigenvalues.

@n

Corollary 1. Let p,o acting on an Hilbert space H, then p is
e—robust majorized by o if and only if \(p) is e—robust majorized

by A\(o)

Proof: \(p) is e—robust majorized by A(o) if and only if € <
€max(A(p), A(0)). Using Proposition |4 we have that e < E(p, o) =
€max(A(p), A(0)). Hence, A(p) is e—robust majorized by (o) if
and only if € < &(p, o), which is equivalent to p being e—robust
majorized by o. n

To enlighten how this result might be considered for LOCC
protocol, we restate Nielsen’s theorem from the point of view of
Alice (or Bob). p LOSY & if and only if p* < o” (equivalently
pP < oB. From Proposition 4, we have

emax(A, A7) = Emax(p?, o). (22)

V. APPLICATIONS

In this section, we will consider only the ¢* metric and its matrix
analogous metric the trace distance.

A. Robustness on Approximate Majorization

Consider that Alice and Bob are no more interested into having
exactly o and accept that there exists €,, €, such that D(X,, X)) < €,
and D(\s, \,) < €,. Precisely, they want, knowing that p might be
corrupted, to go to a state “not-so-far” from the state o. Proposition
|§| states that this can be characterized using a majorization relation,
which can be considered as an application of approximate majoriza-
tion and robust majorization.

Proposition 8. Let x,y € Ay, € = 0 and €, = 0. There exists
y' € Be, (y) such that B, (x) < S(y") if and only if T, < Ye,-

Proof: Assume T, <79, . Then, we take y = Y., and by the
result of the previous part B, () < S(y').
Conversely, assume there exists ¢ as defined above then B, (x) <

S(y)c S (Ye,) by the definition of 7, . Therefore, Tc, <y, . ®

Remark 12. Note that Proposition @ is equivalent to : for any z' €
Be(x), there exists y' € Be(y) such that ' <y’

A robust transformation protocol would require to have the greatest
€, and the lowest €,. The case where € = €, = €, and = < y has
already been studied in [9].

Proposition 9. Let x,y € Ay such that © <
we have

y. Then for any € = 0,

7. < 7. (23)

Remark 13. This cannot provide directly “optimal” €, or e,.
However, if we allow € to be small, say that Alice and Bob are almost
certain that thay have produced vector x, then they can perform a
majorization relation to some vector close to y.

As a trivial corollary of Theorem [3} we find a formula for
the greatest radius for an e—approximation of majorization, i.e.

€max (7, 7)

Corollary 2. Let x,y € Ay and € = 0 such that x < 7Y, then

max 77 A ) 24
€ma; (33 ye) 1<kn<1}1¥|1y ){; Yi l’z} + € ( )
Proof: Denote m = m (3,).
k
6max(l‘7ye) = ng}gT {Z (ge)z - ml} (25)
SPEmiZ
k €
=21gcglm{;yi—xl+2} (26)
k
=21£11€13m{;y¢—m}+6. 27)

1] comes from the construction of 3, for any k < m Zle @), =
i1 Yi t+ 5 n

Remark 14. If x < y, then 2minicp<m(y,) {Zle Yi — ml} = 0.

For any €, we have € < €max (2,7, ). Therefore, we can prove as a
corollary the Proposition [9)

Remark 15. This result can also be used to find €min(x,y). Let z,y
such that x X y, then by definition of emin(2,y), T < yelmx<z v
Moreover, it would saturate one of the inequality of the majorization,
i.e. © would be a boundary point of S (yEmax(z y)) As a consequence,
€max (yemm(z y>) = 0. Denote m = m yemm@ ) Hence, using the
SJormula

k
2 1§11€1<nm {; Yi — xl} + €min (z,y) = 0. (28)
Hence,
k
émin (7, y) = 2 max {Z zi — yz} : (29)
sh=m (=1

B. Robustness of a Separability Criterion

We recall definitions from Appendix [VIII-A] If p is a density
operator acting on a tensor space H1 ® Ha, it is said to be a product
state whenever there exists p1, p2 such that p = p1®p2. p is separable
if it is a convex combination of product states. If p is not separable,
it is said to be entangled.



pE D(H1 ® 7‘[2)

p=3,;pip] ® ph

p=p1® p2

Fig. 8: Inclusions between the sets of all states, separable states
and product states. Entangled states are in the clearest part of
the drawing.

A well-known problem in entanglement theory is to know whether
there is actually some entanglement, or the state shared is separable.
This problem is considered to be NP-hard in general and has been
proven NP-hard for specific cases [§]]. In the bipartite case, one can
use a separability criterion based on majorization. We will then use
Proposition 5] from [9]] and Theorem 3] to study the robustness of this
criterion.

Proposition 10. If p*% is separable, then p** < p* and p*P <
B
po.

Proof: A proof can be found in [13]. |

Remark 16. Notice that p*P and p” are not acting on the same
Hilbert space. Hence, we have a problem of homogeneity for the
eigenvalues. Usually, to consider majorization between vectors of
different size, we add 0's to the shortest vector.

Remark 17. Equivalently, if either p*B « p? or pAB K p®, then
pB is entangled.

This criterion may fail for two different reasons. Either entangle-
ment is theoretically detected but practically not detected, or there is
no entanglement theoretically but entanglement is detected.

Definition 9. We say that the criterion is e—corrupted for Alice
whenever we have :
o False Entanglement Detection : pAB <
0P e B. (p™*?) such that PP« pt
o No Entanglement Detection : gAB X p? and there exists
PP e B, (p™*?) such that B < ph.
We say that the criterion is e—corrupted whenever it is e—corrupted
for Alice or for Bob.

pA and there exists

Proposition 11. Assume that p*B K p?. The separability criterion
is not e—corrupted for Alice if and only if € < Emin (pAB, pA).

Proof: The criterion is e—corrupted if and only if A (pAB )E <

A (p™). By definition, this is equivalent to € > Emin (07, p"). ®

Proposition 12. Assume that p*B < p*. The separability criterion
is not e—corrupted if and only if € < Emax (pAB, pA).

Proof: The criterion is not e—corrupted for Alice if and only
Be (p*P) <= S(p*). By definition, this is equivalent to € <
6max (p B7 pA) | |
C. Robust and Approximate Trumping Majorization

Trumping majorization, or catalytic majorization, have been
mainly introduced in the study of LOCC. It has been noticed that

some states were inconvertible, i.e. A’ X A7, but whenever we con-
sider a well-chosen catalysis, say ¢ € A,,, we have A\’ ®c < A ®c
(figure E]) Here, z ® c denotes the tensor product of z and c, that is

z ® Cc = (Z(i)c(”)i,j (30)
where (z(;)): and (c(;)); are permutations of z and ¢ such that z®c
is arranged in non-increasing order.

)
-
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o
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Fig. 9: We consider z = (0.4,0.4,0.1,0.1) (orange) and y =
(0.5,0.25,0.25,0) (green), we recall in (a) that z X y with
their Lorenz curves. In (b), we have plotted the Lorenz curves
of x ® ¢ and of y ® ¢ with ¢ = (0.6,0.4), we can see that
rR®cXyec.

Definition 10. Ler x,y € A4, x is said to be trumped by y, denoted
as x X7 y if there exists m € N and c € Ay, such that t®c < yQc.

We denote T (y) the set of vectors trumped by y.

<r is known to be a partial order on A,4. More details on this can
be found in [7]. Whenever d > 4, there exists vectors z,y € Ag4 such
that z % y and ¢ <7 y. See figure[9b] we can show that z®c < y®c
for ¢ = (0.6,0.4) and = X y.

Remarkably, both robustness and approximation of trumping ma-
jorization can be characterized using steepest and flattest approxima-
tions.

Proposition 13. Let z,y € Aq and € = 0, B(z) < T (y) if and
only if T¢ <t y.



Proof: If Be(z) < T (y), then T¢ <7 y because T € Be(x).
Conversely, assume that ¢ < y. Then, for any z’ € B(z)

¥ <T <rvy. (31

Since ' < T implies ' <1 Z°, we have 2’ <r y. [

Proposition 14. Let z,y € Ay and € = 0, the following are
equivalent

1) There exists y' € Be(y) such that x <t v’
2) <17y

Proof: Assume that there exists y' € Be(y) such that z <7 y'.

z<ry <7 (32)
Hence, x <1 7°.

Conversely, assume that z <t g°. Since §° € Bc(y), we can
choose 3’ = 7°. [ |

M.Klimesh and S.Daftuar have already given in [7] a sufficient
condition for a point to be in the interior of 7 (y). Using the previous
proposition, we give a necessary condition whenever m(y) = d, i.e.
y has only non-null coordinates.

Proposition 15. Let xz,y € Ay such that m(y) = d, x is an interior
point of T (y) if and only if © <t y and x1 < y1 and T4 > ya.

Proof: The sufficiency has already been proven in [[7]. Let =

be an interior point. Let € > 0 small enough such that m (z¢) = d

and B.(z) < T (y). Hence, we have trumping majorization with a
catalyst, say c € Ay,

TTRc<yec (33)

We have (Z°®c), = (z1 + §) c1, and (y @ ¢); = y1c1. Therefore

€
(Il + 5) c1 <Y1 (34)
Hence z1 + § < y1, therefore x1 < 1.

Similarly, (Z°®¢),,q = (xd — %) cm and (Y®¢),y = YdCm.-
Hence, by majorization

(azd — g) Cm = YdCm- (35)
Thus, x4 > Yq. [ ]
Proposition 16. Let z,y € Ay with m(y) = d, denote emax(z,y)”

the greatest € such that T <t y, then

emax(T,Y) < €max(z,y)" < 2min{ys — 1,24 —ya}.  (36)

Proof: Denote €, = emax(,y)T — 27™. For n large enough,

T is an interior point. There exists a > 0 such that ¢, + a <
T
Emax(may) .

ﬁa — f5n+a < §€max(xay)T <ry. (37)

Hence, for n large enough,
("), <w (38)
("), > ya (39)

We assumed that m(y) = d, then by construction of (Z°"), we have

€n

1+ D) <y (40)
za— T < ya. @41)
2
Hence, as n goes to infinity, we have emax(z,7)” < 2min{y; —

T1,Td — Yd}-

The left inequality is trivial whenever x is not an interior point of
S(y), €max(z,y) = 0 in this case. If  is an interior point of S(y),
then T max(=.v) < y. Hence T max(=.v) <7 y and by definition

(42)

< T
Emax(z,y) X 6max(z,y)'
|

Corollary 3. Let x,y € Aqy such that x X y and x <t y, then for
€ = €min(,y)

k
2 i - g max 77 r 4‘
et 1<I?<1}ﬂn@5) {;yk xk} Cma (x yE) “3)

Proof: Denote € = €min(z,y). By definition, z < y,. Hence,
we can use the previous Proposition :

€max (€,7,) < €max (#,7.)" - (44)
€max (2,7, ) can be explicitly computed using Corollary
k
€max (2,J,) = e+21<krr<1¥1(y€){;yi —a:z}. (45)
|

Remark 18. We recall that €max (x,ge)T denote the supremum of
all € such that T <t y.. Hence, this Corollary gives a lower bound
on the robustness of an approximate trumping majorization whenever
€ = €min (T, Y).

Assume that Alice and Bob know that A\’ <7 A7 with M’ ® ¢ <
A7 ® ¢ and want to be sure that they will still verify the trumping
relation with ¢ € A,,. Formally, given z,y € Ay and ¢ € A,
verifying x ® ¢ < y ® ¢ we want € such

Vz' € Be(z), ¥’ @ c<y®ec. (46)

And denote T (y, ¢) the set of vectors z in A4 such that z®c < y®c.

Proposition 17. Let x,y € Aqg, Be(z) < T(y,c) if and only if
Te®c<xy®ec.

We show that a sufficient condition to have Be(x) < T'(y, c) is to
have Be(z ® ¢) < S(y ® ¢) which is far easier to study. First, we
establish a bound on the minimal € such that x ® ¢ < y ® ¢, given
their distance.

Lemma 3. Let z,y € Ag such that ||z — y||1 < € and ¢ € Ay, then

Emin(T@c,y®c) <€ (47)
Proof: Consider k < md such that
k
D (@®c), — (y®c), > 0. (48)
i=1
We can write the following sum in the following way
k d T
ZCU¢=ZCL‘Z‘ZC]‘. (49)
i=1 i=1  j=1

In other words, we consider the k greatest components of (y ® ¢) and
order them by x; and r; is the number of x;c; in these k greatest
components. We have

T

Dw®e),=Du )¢

i=1 i=1 =1

(50)



because, by definition, the sum on the left is the sum of the k greatest
components of (y ® c). Hence

k d
DE®c), — (y®c),| < | (i — ) ch (51)
i=1 =1

d
< ) lwi— yJ}]q (52)
i=1
d
< )z — il (53)
i=1
=z —ylh (54)
<e (55)
Therefore, for any k € {1, ...,md}, we have
k
2, (@®0), ~ (y®c); < e (56)
i=1

Thus, €min (YR c,z®c) < e [ |

Proposition 18. Let x € Ay, ce Ay, and € = 0, then

Te®@c<T®c (67

r®c <z Qc (58)

Proof: ||z — Te||1 < €, hence €min (Te ® ¢, ® ¢) < €. Then

Tc@c << T®ce. (59

Similarly using Proposition [z — z]1 < € then
€min (T® ¢, z, ® c) < e. Then

T®c <z . Qc (60)

|

Remark 19. Hence, if x ® c.
then

K YQ®c ie B(z®c) c S(y®c),

Te@c<r®ce
Thus, Be(x) < T (y, ).

Similarly, we can introduce emax(z, Y, c)T the greatest € such that
for any 2’ € B.(z) we have 2’ ® ¢ < y ® c. As a corollary, we can
establish a lower bound on this quantity.

<y®ec ©1)

Corollary 4. Let x,y € Ay, c€ Ay, and € = 0, then

€max (.Z‘ ® CYy ® C) €max (-r Yy, c )

Results on figure [I0] may be pondered by some observations on
inequality (62). It seems that for catalysis ¢ close to uniform distri-
bution, the bound is tight. However, it may be degraded whenever
the catalysis gets far from the uniform.

(62)

VI. CONCLUSION

We have considered the problem of robustness of majorization
upon perturbation of vectors through the framework of the majoriza-
tion lattice. We have derived for ¢! metric a greatest radius for the
corrupted vectors to be within in order to maintain a majorization
relation. This has been used to study the robustness of a LOCC
protocol in theory, but may be applied in different contexts. For
example, in [V-B] we have established a necessary and sufficient
condition for a separability criterion to be robust. These results
can be used to derive bounds on approximate and robust trumping
majorization which is considered to be a complex order to study.

In [11]], many results on lattice-based approximation with £
metric have been studied. It would be interesting to study the
robustness for this metric that can be considered more “restrictive”
than the ¢! metric.

Comparison between €max(X ® ¢,y ® ¢) and emax(X, y, €)T
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0.00 1%
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(a) Here ¢ = (0.6,0.4).
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(b) Here ¢ = (0.7,0.3)

Fig. 10: For a given ¢, we plot for couples x,y € Ay such
that z ® ¢ < y ® c the comparison between an estimation of

6max(xa Y, C)T and emaX(aj ®cy® C)'
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VIII. APPENDIX

A. Quantum Formalism

While classical information theory relies on random variables and
probability distributions, it is well-known that quantum theory cannot
be described entirely by this formalism. Thus, accordingly to the first
postulate of quantum mechanics quantum states are described by unit
vectors of an Hilbert space. In quantum information theory however,
states are mainly described by statistical mixing of these quantum
mechanics states. That is, considering |1, ..., |¥n), the coupling
(|1),p1), -, (|¥n) , pn) where p is a probability distribution. These
can be entirely described by density operators.

Definition 11 (Density Operators). Ler H = C? be an Hilbert
space. A density operator p on H is a positive semi-definite matrix
that verifies Tr (p) = 1.

Denote D(H) the set of density operators on H.

We can explicitely define a quantum state in information theory,
using density operators.



Definition 12. Let Ha be an Hilbert space associated with a
quantum system A, a quantum state, or state, is a density operator
pa on Ha.

The following definitions and properties enlighten how density
operators are used in quantum information theory.

Definition 13 (Pure / Mixed States). Let p € D(H) a quantum state.
p is said to be pure if its rank is equal to one. Otherwise, it is said
to be a mixed state.

The notion of purity can be interpreted as a notion of certainty.
There might be randomness on measurement, according to Born’s
rule, however if the state is pure, we are sure of which state the
quantum system is in.

Proposition 19. Let ‘H be an Hilbert space, a quantum state p €
D(H) is pure if and only if there exists |1y € H such that

p = [¥)<|

Corollary 5. Let #H be an Hilbert space, let p € D(H) a mixed
quantum state, then there exists p1,...,pr a probability distribution
and pu, ..., pr pure quantum states in D(H) such that

™
p=> pipi
i1

Then p can also be expressed in a vector notation by spectral theorem

(63)

(64)

p = pilwi) il (65)
i=1

with |1y, ..., |tr) orthogonal states.

Proposition 20. Let H be an Hilbert space, let p € D(H), then

Tr (p°) < 1 (66)

with equality if and only if p is pure.

In quantum information, and generally in information theory, it is
common to consider multipartite system. For example, the coupling
of two random variables (X,Y") will usually be studied for bipartite
communication through channel. Here, we define such multipartite
system for quantum information.

Definition 14 (Hilbert Space of multipartite system). If we con-
sider Ai, ..., An quantum systems with associated Hilbert spaces
Hi, ..., Hn, the Hilbert space associated to the multipartite system
A1 Ay is H1 ® ... ® Hyp, where ® denotes the tensor operation.

It is relatively easy to see that if p; € D(H1) and p2 € D(H2),
then p1 ® p2 € D(H1® Hz). However, the converse is not generally
true : if p € D(H1 ® H2), p may be not equal to p1 ® po for
any p1 € D(H1) and p2 € D(H2). We introduce definitions for
multipartite states.

Definition 15 (Product State). Let Hi, ..., Hr be Hilbert spaces, let
p€D(H1® ... Q Hn) be a density operator on product space. p is
said to be a product space if

dpr e Hiy o pn EHn, p=p1 Q... ® pn (67)

Definition 16 (Separable / Entangled States). Let pe D(H1 ® ... ®
Hn), p is said to be separable if it is convex combination of product
states. Otherwise, the state is said to be entangled.

Consider that AB is a bipartite state of Hilbert space Ha ® H 5.
We would like to have a linear map such that given a state of D(HA®
Hp), we get the state of system A. This motivates the definition of
partial trace

Definition 17 (Partial Trace). Let Ha,Hp be Hilbert spaces, the
partial trace over Hp Trp is defined as the unique linear map such
that

Trp (|a1y<{az| @ [b1) {b2|) = |ar) {az| Tr (|b1) {b2|)
v \a1> s |a2> € Ha, \ |b1>, |b2> e Hr

This can be seen as the operation of marginalization for classical
random variables, from (X,Y) we get X. Here, from p*Z, we get
p? the reduced operator on A.

(68)

Definition 18 (Reduced operator). Let Ha,Hp be two Hilbert
spaces, let pAB € D(Ha ® Hp), we define the reduced operator

pton A
pA — Trs (pAB)

In quantum information theory, we can define channel as super-
operators mapping density operators. To be well-defined and for
operational purpose such maps must verify some axioms.

(69)

Definition 19. Let H and H' be two Hilbert spaces. A map ® is
said to be a channel if it verifies

1) Convex-linearity : for any (p1, ..., pn) and p1, ..., pn such that
llpllx = 1, we have

@ <Zn] Pipz‘> = Zn]piq)(ﬂi)-

2) Complete Positivity : for any Hilbert space Hr, for any pr
in D(Hr) and for any p € D(H), pr ® ®(p) is semi-definite
positive.

(70)

Remark 20. One would consider that only positivity, i.e. (p) =0
for any p, should be verified. However, tensorization is a key oper-
ation in quantum information. In particular, if we consider bipartite
states p”* @ p® and if we want to act only on pP, our operation
may lead to a matrix that cannot be considered as a state. A well-
known example of positive but not completely positive map is the
transposition (see [|I4|]] Box 8.2).

An extension of bistochastic matrix for superoperators are the uni-
tal channels. These can be used to defined an analogous majorization
order on density operators.

Definition 20. A channel ® is said to be unital if ® (%Id) =1r,.

d
Remark 21. We recall that a matrix P is said to be bistochastic
whenever all its coefficients are non-negative, uT P = uT and Pu =
u. In other words, P as an operator on A4 admits as one of its fixed
point u. Similarly, ® admits as one of its fixed point the uniform
density matrix.

Theorem 5. Let p,o € D(H), p < o if and only if there exists a
unital channel ® such that p = ®(o).

Proof: A proof of this theorem can be found in [1]]. |

B. Computation of Steepest and Flattest Approximation

Let ¢ > 0 and = € A4. We present here the construction T.. If
lx — é|l1 < € then T. = 4. Otherwise, we can define an integer
le{1,...,d} such that

<1 (71)

VR

-1
Z T +
i=1

and

l
M+ S >1. (72)
=1 2



T, is then defined by

1+ 5 ifk=1
_ Tk ifl<k<l
€ = — . 73
A Sol@), ifk=1 (73)
0 otherwise.

We then present the construction of z,. If ||z — u||1 < ¢, then
z. = u. Otherwise, consider the following functions for p, g € [0, 1].

d
n(w,p) =Y (@i —p)* (74)
im1
d
ye(w,q) = Y (g—w)* (75)
im1
We then compute p* and ¢* such that v (z,p*) = £ and

y2(z,¢*) = %. These can be explicitly computed. Consider [ to
be the integer such that

€
m(z, ) < 5 < Y (z, T141) (76)
then, 2,41 < p* < x; (71 is decreasing in p). We can then simplify
the sum
!
=Y ai—p 77
i=1
1
=Y @ —Ip* (78)
i=1
€
= . 7
5 (79)
Hence,
1 : € 20
i=1
Similarly, denote r the integer such that
€
Y2 (2, r41) < 5 < 72(, 20). (81)

[\

Then, z, < ¢* < m,_1 because 72 is increasing in ¢q. As a
consequence, we can simplify 2

d
ve(w,q*) = D q* — (82)
) d
=(d-r+1)q* =Dz (83)
Hence, we have
1 ¢ €
*
=-— i+ 4
I d—r+1<;x+2) &)
The flattest is then explicitly defined using p* and ¢*.
p* ifk<l
(e =<xr ifl<k<r (85)

g¢*  otherwise.

C. Proofs

Proof of Proposition [2]
Proof: We are going to show successively that (Z¢,)., €
851 +e2 (x) and Teytep € 862 (561)
The first one comes directly from triangle inequality

= (@), (86)

87)

[ = (@er)e, It = [l =Ty +Te,

<€t e€2
Hence, (T, ), € Be, +e; (), thus (Te, ), < Te; +e,- The second one

is quite handy. Denote respectively m = m (T, ) and | = m (T, 4e,)-
We also write p¢ for Ze.

d
Dot -
=1

et = ugt - 61“2!+Z}u

+Z\u

61+52 ’

E1+€2 ‘

If m = [, then

d
€ €
52 +iZ:l|/Li1

u? +e2 |

-1 -1
€
=52+ 1_2“21_ <1_ZM§1+52>’
i=1 i=1
€2 €2
oty

If I < m (by construction | < m), then we have

d
€2 €
E} + ; |N¢1
+ ’M;l €1+€2| + !M _M:rlz+€2’ + Z i

-1 m—1
+1—ZM§1—1’1 1—Zu€1+62 Zx,

7 i=l

m—1 m—1

:%—i-xH-Zu ;ufﬁm—k;m

€ €+ € € m—1 m—1

2 2 1 1

= -+ - E T + E T;
2 2 2 i=l ' i=l '

€1+e€2
7

| Q

Hence T¢, +c, € Be, (T, ), thus Te, +c, < T, - Therefore, we have
equality between the two vectors. |
Proof of Proposition [3]
Proof: See [9] to have more details on the construction of z..
We can show that the construction of z, depends on the construction
of p,q € [0, 1] such that

=
8
N2
Il
D=
—
B
|
=
=
T+
Il
N

-
Il
—

7 (

Il
-

o
Il
-

"2(q, @) (a—=z)" =3
When p, g are found, (z.), = p if z; > p, (z.); = ¢ if z; < ¢ and
otherwise (x,), = ;. In particular, we denote {7 the greatest integer
such that z;¢ > p.



: ’ot (1) M "o
Consider p, g defined for z, , p’,q for <§61 ) and p”,q" for

€

2
x We have v1 (x,p) + 71 (z,,,p") = 952, then

=e1te”

ate Zd] (@i—p)* + (2, —p)7"
2 a7 o

l;l d
=Dai—p+p—p'+ > (z,-p)"
i=1 i=131 41

(z=p)"

VN

i=1

By unicity of p”, we know that p’ = p”. Similarly, we can show that
/ "
q9 =9

/

v2 (z,p) + 72 (20,,0) = D (g —2)" + (¢ —z.,)"

D=

.

I
e L

g—zi+(d —q)"

Il

3
o

¥

S e
™
¥
|
—

—z,)"

r€2—1

qd —xi + Z (q'—;zc)Jr

i=1

+
-
Il
-
—
Q\

Il
D~

s
I
3
b
W

I
0=
—
Q\
\
8
&
+

Il
—

[3
€1 + €2

2
Hence, ¢’ = q”.

Since p = p' = p” and q < ¢’ = ¢”. It follows that both vectors
are equal since

{isd;min”}={i§d; (Ll)i>P"}- (88)

and
{i<d; SP"}:{j<d; (261)j<p”}~ (89)
n

Proof of Lemma /Il
Proof: Denote u° the steepest e—approximation of z. We
assume there exists € is such that y° < y, i.e. = is an interior point
of S(y). We can consider € as small as possible, such that . also
has only non-null coordinates. Then, ;¢ is defined as uj = z1 + 3,
Hm(z) = Tm(z) — 5 and pj = x; otherwise. The following relation
if verified

r<p <y and <y (90)

Assume there exists k < m(y) — 1 < m(z) such that Zle ;=
Zle y;. By the above majorization relation, we get

k k k
in = ZM§ = Zyv
i=1 i=1 i=1

oD

However, Zle wi = ZLI x; + 5. Whence, we have € = 0, which
contradicts our initial hypothesis.

Conversely, assume that Y% z; < ¥ y; for all & < m(y). Then,
denote € < Miny<pom(y){d ¥i — &} such that @y — 5 >0,
then p¢ has m(x) non-null coefficients and

k & k k k
Z@:Zmi—k%<Zwi+2yi—xi=2yi. (92)
im1 im1 im1 im1 im1

Hence p° <y, i.e. z is an interior point of S(y). |
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